Abstract-With single-input single-output (SISO) SAR systems, employing a single transmitter and receiver beam, there exists a high resolution, wide swath contradiction. However, by using multiple receiver beams and employing array processing techniques, this contradiction can be overcome, allowing greater flexibility and a wider range of application requirements to be met. In this paper the use of single-input multiple-output (SIMO) SAR systems for overcoming this contradiction is of interest, and a novel beamformer is proposed for processing in the cross-range direction. In order to fully describe the system, the array manifold vector is utilized, which is a key concept in the design of the beamformer. In particular, this beamformer is a superresolution beamformer capable of forming wide nulls using subspace based approaches and allows the suppression of ambiguities in multiple sets of received undersampled SAR data in the cross-range direction and reconstruction of the Doppler spectrum to form a single unambiguous set of SAR data. Compared to the existing reconstruction algorithm, only a single weighting vector is required for a block of ambiguous Doppler frequencies compared to a weight vector required for each ambiguous Doppler frequency. The capabilities of the proposed beamformer are shown to give an improved performance in ambiguity suppression via computer simulation studies in a representative maritime environment.
I. INTRODUCTION

S
ELECTION of the Pulse Repetition Frequency (PRF), , of a SAR system plays an important role in preventing range and cross-range ambiguities. For a SISO SAR system, a single beam is employed for transmitting and receiving. In this paper, it is assumed that planar arrays are used to form the required directional beam using beamforming. However other systems, for example a reflector phased array or horn antenna, can be used. The following condition needs to be met to ensure unambiguous returns are received [1] ( 1) where is the speed of light, is the swath width, is the incident angle and is the Doppler bandwidth defined as the range of Doppler frequencies in the cross-range direction in the antenna footprint [2] .
From (1) , the condition on the left hand side must be satisfied to prevent cross-range ambiguities by ensuring is greater than . However, cannot be made arbitrarily large, as range ambiguities will occur due to the returns from different transmitted signals overlapping and being received within the same time frame, thus the right hand side of (1) must also be satisfied.
For non-zero squint, is calculated as [2] (2) where is the squint angle. In the case of zero squint, i.e., (boresight direction), is given as [2] , [3] (3) where Using (3), (1) becomes (4) thus relating the parameters and , indicating that for a fixed value of , an increase in will lead to coarser resolution and vice versa, thus showing that it is not possible to increase both and simultaneously resulting in a wide swath, high resolution contradiction.
However in recent years in the field of SAR, there has been considerable interest in so-called multi-channel SAR systems using an array of beamformers and Smart Multi Aperture Radar 1932-4553 © 2015 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/ redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Techniques (SMART) SAR systems using an array of beamformers with additional digital beamforming [3] - [6] These allow the above contradiction to be overcome. Of particular interest in this paper are SAR systems with a single transmit beamformer and multiple receive beamformers, which will be referred to as SIMO SAR systems. In this paper, array processing concepts in communications are applied to SIMO SAR systems, where the aim is to achieve undersampled signal reconstruction. Inspired by the non-uniform displaced phase center sampling algorithm or reconstruction algorithm in [7] , shown to be equivalent to null steering in [3] , referred to here as the steering vector beamformer, and the superresolution beamformer in [8] for communication systems, a novel superresolution wide null beamformer is proposed for SIMO SAR systems for the reconstruction of the multiple sets of received undersampled signals. The novelty of this algorithm is in the ability to form wide nulls for signal reconstruction and therefore allows the use of a single weight vector for each block of ambiguous Doppler frequencies compared to the existing reconstruction algorithm using a single weight vector for each ambiguous Doppler frequency. As resolution increases as a function of increased aperture length, the proposed beamformer of this SIMO SAR system uses a large aperture, and consequently has increased resolution. Furthermore, the proposed wide null beamformer is also a "subspace" type and thus has infinite (asymptotically) resolution capabilities [9] .
Beamforming techniques for SAR systems are first discussed in Section II, before the mathematical modeling of the received signals used throughout this paper is presented in Section III. In particular the modeling of the received signals utilizes the array manifold vector, which is a key concept for the description of the proposed wide null beamformer. Then the proposed beamformer for the formation of wide nulls applied in the Doppler frequency domain for undersampled SAR data reconstruction is presented in Section IV. Representative results are then given in Section V, firstly in a high Signal-to-Noise (SNR) case to allow a better analysis of the capabilities of the proposed beamformer using impulse response cuts of an imaged target. Then a low SNR case with added sea clutter is used for a representative application of the beamformer in a maritime application before this paper concludes in Section VI.
II. BEAMFORMING FOR SAR SYSTEMS
Beamforming algorithms based on subspace techniques are treated extensively in radar applications [10] - [15] . However, with conventional SAR systems employing a single transmit and receive beamformer, referred to here as SISO SAR systems, there is a limitation on the ability to directly apply beamforming algorithms based on subspace techniques [16] due to the need for multiple spatial channels in order to calculate the required covariance matrix. However, by using overlapping subsets of data from a SISO SAR system, subspace techniques can be used to generate higher resolution SAR images [17] .
However in recent years, there has been considerable interest in so-called multi-channel SAR systems using an array of beamformers and Smart Multi Aperture Radar Techniques (SMART) SAR systems using an array of beamformers with additional digital beamforming [6] . Applications of these systems include jammer suppression using Space-Time Adaptive Processing (STAP) [18] and clutter suppression. One key area where these systems can be used is in wide swath, high resolution imaging. In the case where a multi-channel SAR system with a single transmit beamformer and receive beamformers is utilized, referred to here as SIMO SAR systems and with , the single transmit beamformer transmits a chirp signal of duration seconds, every seconds, resulting in the chirp signal being transmitted a total of times along the flight path. Therefore, due to the design of a SIMO SAR system, received sets of signals for every transmitted chirp are received, resulting in a total of samples in the cross-range direction compared to only samples in the case when a SISO SAR system is used. These additional samples allows (1) to be rewritten for a SIMO SAR system, giving (5) where in comparison to a SISO SAR system 1) in a SIMO SAR system, can be decreased times while still satisfying (5), resulting in the ability to image a wider swath unambiguously. 2) in a SIMO SAR system, for the same value of , a larger can be used while still satisfying (5), which results in an improved cross-range resolution, as can be seen from (3) . In this paper, point 1 is of interest, where is decreased for each receiver such that (1) is not satisfied, resulting in crossrange ambiguities due to undersampling, while allowing the required wide swath width to be imaged. If beamformers in the cross-range direction are used, (5) can be satisfied, and suppression of these ambiguities or aliases, which correspond to ambiguous Doppler frequencies, can be achieved using array processing techniques to reconstruct a single unaliased output, therefore allowing wide swath, high resolution imaging, compared to SISO SAR systems.
One particular technique to achieve this is the non-uniform displaced phase center sampling algorithm in [7] which, as mentioned in [3] , is equivalent to null-steering using the steering vector beamformer, and is given in Appendix A with the notation used throughout this paper. The use of the steering vector beamformer allows the formation of multiple sharp nulls for ambiguous Doppler frequency suppression. However, there are no known examples of using wide nulls for undersampled SAR signal reconstruction in the SAR literature. For this application, the use of wide nulls will allow the suppression of a range of ambiguous Doppler frequencies using a single wide null, compared to multiple sharp nulls. To achieve this, a novel superresolution wide null beamformer for SIMO SAR systems, inspired by the existing non-uniform displaced phase center sampling algorithm in [7] and the superresolution beamformer in [8] for communication systems, is proposed in Section IV.
III. SIMO SAR SYSTEM MODEL
A. SIMO SAR Mathematical Modelling
Consider a SIMO SAR system represented in Fig. 1 , consisting of a transmitter formed from a planar array of antenna elements, which travels along a straight path in the along track direction. The elements are located on the same platform and have Cartesian coordinates described by the matrix
where and are column vectors with the and coordinates of each transmitter element respectively and denotes the location of the element of the array. Each of the receive beamformers is also formed using an array of elements and travels in the direction along the positive axis, resulting in a total of antenna elements, which have Cartesian coordinates described by the matrix (7) where denotes the Cartesian coordinates of the elements of the beamformer defined as (8) with and being column vectors containing the and coordinates of each element of the beamformer respectively. All elements of each receive beamformer are located on the same platform, however, the receive beamformers may either be located on the same or separate platforms.
The transmitter, described by the complex vector , produces a single beam and transmits a chirp pulse (9) where is the chirp bandwidth and the chirp pulse duration, with defining the chirp rate.
The scatterers within this beam footprint are illuminated for seconds and all elements of the SIMO SAR system receives the echoes. By assuming a total of scatterers, the received signal at a particular time can be modeled as a vector , given as (10) with and , where a chirp transmitted at is received at with and The complex vector is the transmitter array manifold vector associated with the scatterer described as
with (12) where is the reference slant range between the SAR system and the scatterer, is the path loss exponent and is the wavenumber vector given as (13a) (13b) and is a unit vector pointing in the direction of the scatterer. Similarly the complex vector is the receiver array manifold vector associated with the scatterer described as (14a) (14b) with (15) and where the difference in signs in and is due to the opposite flow of energy between transmitting and receiving.
In the case when the scatterer is located in the far field of the beamformer, i.e., is much greater than the array's real aperture, (11) and (14) reduce to the plane wave propagation manifold vector expressed as (16) and (17) Using the manifold vector, the weight vector , given in (18) is designed such that a single beam is formed whose mainlobe points in the direction for all , with , where and are the azimuth and elevation angles between the center of the beam footprint on the ground respectively (18) where the required data collection mode determines the time dependency on . Examples of data collection modes include Stripmap, ScanSAR, Spotlight, and TOPSAR (Terrain Observation by Progressive Scans).
Likewise, the elements of the system forming the receive beamformers are weighted such that beams are formed to receive the scatterer echoes. The weight matrix is described by
where is an vector of the weights of the elements of the beamformer at time given by (20) Due to the assumption that the antenna elements forming a single beam are collocated, the round trip delay between the elements and the scatterer can be described by . However, all groups of elements may not be collocated and may be located on different platforms. Therefore the round trip delays will differ. As a result, it can be described by the vector given as
where and are the slant ranges between the transmit beamformer and the scatterer and the receive beamformer and scatterer. Furthermore and are the differences between and with the reference slant range for and , and where a chirp signal transmitted at time is received at time . The receiver array output can then be modeled as
with and , where a chirp transmitted at is received at , and where the element of corresponds to the signals received by the receive beamformer and is now a vector of round trip delays associated with the scatterer and beamformers and When all receivers are on the same platform, planewave propagation can be assumed, but when they are located on different platforms, the spherical wave propagation manifold vector should be utilized. However, the elements of the manifold vector that are on the same platform will have approximately equal ranges thus collapsing to the planewave propagation manifold vector.
B. Discrete Time Modelling
The received signals at the array elements of the SIMO SAR system are sampled at a sampling rate of to obtain samples and the discrete samples can be represented by a 3D datacube, shown in Fig. 2, where is a matrix describing the data received at all elements of the SIMO SAR system, given as (23) with being the sample of the vector at time . is a matrix describing the data received at all antenna elements at a particular sample at . Weights are then designed and applied to all elements to form outputs, i.e., beams, resulting in a datacube, as shown in Fig. 3 .
Here is an matrix containing all the data received by the beamformer from all transmitted chirp pulses and matrix is a matrix describing the data received by the beamformers and is modeled as (24) where (25) The matrix describes the data received by the array of receivers at a particular range sample at and can be seen as a range sample spacetime snapshot. Similarly can be seen as a cross-range sample spacetime snapshot, with the pulse being analogous to the cross range sample.
IV. SUPERRESOLUTION WIDE NULL BEAMFORMING
Aliasing of the spectrum of the received signals in the crossrange direction occurs due to undersampling when (1) is not satisfied. Therefore suppression of the ambiguities is required in order to allow the reconstruction of the full Doppler spectrum over the frequencies to , where each beamformer receives a section of the Doppler bandwidth. For the receiver this is defined as being over the range [3] (26) for . Fig . 4 gives a representation of these frequency ranges, defined as subbands, where the aim is to reconstruct the full Doppler frequency range from to . By identifying the desired subbands, shown in dark grey in Fig. 4 , and suppressing all other ambiguous subbands, reconstruction using array processing techniques is possible, where for the receiver beamformer, the ambiguous Doppler frequencies cover all for , with . With reference to Fig. 4 , it can be seen that a wide null could be designed such that ambiguous subbands is suppressed at a time. In this case, only up to two wide nulls need to be formed at a time without suppressing the desired subband, where two nulls, , are required when and only one null, , is required if . By first considering the formation of a single wide null, the matrix for the ambiguous Doppler frequency range can be calculated as (27) which can be seen as the summation of for all within the range , with being the manifold vector in terms of Doppler frequency, described by (29) where the subscript is used here to indicate the Doppler frequency at which the manifold vector is calculated at is to be suppressed. As it is assumed that the receive beamformers form a linear array along the positive axis and where is the data at the range line in the range Doppler domain and is the required weight vector for suppression of all subbands other than the subband for . As mentioned in [3] , when the receivers are sparsely located in space, the increased separation between the transmitter and receiver may need to be taken into account with additional phase terms. In the case of , these extra terms can be combined with the calculated weights as follows (39) where . Also, due to an increased distance between the receivers, the range history of a single scatterer can no longer be assumed approximately equal at all receivers. Therefore this difference in range history between receivers needs to be compensated. In order to compensate for this, a range shift must be applied before the superresolution beamformer to ensure that the range history of the imaged scatterers are approximately similar in all sets of data. From [3] , a shift related to distances between each receive beamformer and a reference slant range can be applied. By assuming the center element of the first beamformer of the array of beamformers is the reference, the required shift required for the beamformer can be applied using (40) and (41).
ALGORITHM SUMMARY
1) Apply range compression onto the sets of data: , which when stacked to form a datacube, allows the matrix to be extracted for all Doppler frequencies, where is (see Fig. 3 ) in the Doppler frequency domain. 2) Ensure that the processed sets of data are in the rangeDoppler domain. In the case where a sparse array of receiver beamformers is used, apply additional compensation to ensure that the range histories of the same target between the sets of received data are approximately equal using (40).
3) Identify the range of frequencies within all subbands using (26). 4) Identify the center Doppler frequency of all subbands using (26), and for the desired subband form the manifold vector, for the desired Doppler frequency, which is assumed to be the center Doppler frequency of the desired band. 5) For the formation of a wide null, identify the ambiguous Doppler frequencies to be suppressed, where for the receiver's data, the ambiguous Doppler frequency ranges are calculated from (26) for . Form the manifold vector for each wide null and find the most significant eigenvalues, , from the matrix using (27) and form the matrix using (35). 6) Form the weight vector , for using (36) and if required, apply extra phase terms to take into account sparse arrays. 7) Apply the weights, , to formed using (38), to obtain the reconstructed data using (37). 8) Continue with any further steps in the image formation algorithm of choice to form a single focused image with reduced cross-range ambiguities.
V. RESULTS
In this section, the performance of the proposed superresolution beamformer will be analyzed for a collocated array of receiver beamformers such that it can be assumed the range histories of imaged targets of interest are approximately equal between the sets of received data. The superresolution beamformer is integrated into the Chirp Scaling Algorithm to form a focused image from the sets of undersampled received data. Based on typical airborne parameters given in [19] , the simulation parameters in Table I are used 3 , where has been chosen as this is a common SIMO SAR system configuration and examples of the application of beamforming for the suppression of cross-range ambiguities in existing systems are available [20] , [21] .
To show the capabilities of the proposed beamformer, two cases will be presented: 1) A high SNR case of 30 dB, where . Although this will not be true in practice, this will allow better analysis of the resulting Impulse Response Functions (IRF) of the imaged target and capabilities of the proposed beamformer without the target's alias being 'covered' by noise and surrounding clutter. 2) A low SNR case of dB, where with sea clutter. This will allow the capabilities of the proposed beamformer to be seen from the formed image after beamforming in a representative maritime environment. In both cases the proposed wide null beamformer performance will be compared and analyzed with the steering vector beamformer detailed in Appendix A. As mentioned in [3] , in the case of collocated beamformers, the steering vector beamformer is equivalent to the non-uniform displaced phase center sampling technique described in [7] . 
A. Case 1: With no Clutter
In this case a single target is simulated with parameters given in Table II and with added noise in the imaging environment at a high SNR of 30 dB to better illustrate the effect of proposed beamformer before and after processing and to show the location of the ambiguities to be suppressed.
By plotting cuts at a specific slant range sample number, i.e., range gate corresponding to the target in the formed SAR image, the Impulse Response Function (IRF) of the imaged target can be analyzed. As undersampled raw data is used, it is important to know the location of the ambiguous returns of a particular target in the image space. These locations are related to the PRF time given as [19] (42)
Due to the sampling in the cross range direction by , the ambiguous returns will occur at samples which are integer multiples of to the left and right of the actual target response. With reference to Fig. 5 , which is a slant range cut of the focused image of the undersampled raw data received at beamformer 1, it can be seen that although a single target was imaged, its ambiguous return is clearly visible samples away from the actual target return. The peak-to-ambiguity ratio, i.e., the ratio of the actual target return and its ambiguous replica is about 15.4 dB.
However, by making use of the sets of undersampled data, the steering vector beamformer described in Appendix A allows suppression of the ambiguous returns and reconstruction of the two sets of undersampled data. The improvement can be seen in Fig. 6 , where although the ambiguous replica is still present, its response has been suppressed, increasing the peak-to-ambiguity ratio from 15.4 dB to about 25.4 dB. However, in a practical scenario this ambiguity response may be 'covered' by noise and surrounding clutter and therefore may not be visible in the formed SAR image.
Instead of the steering vector beamformer, the use of the proposed wide null beamformer applied to the sets of undersampled data results in Fig. 7 . Like the case when the steering vector beamformer is applied, the ambiguous replica is suppressed but still present. However, in practical scenarios the replica may be 'covered' by noise and surrounding clutter making it less visible in the formed SAR image. Here there is an improvement in the peak-to-ambiguity ratio from 25.4 dB to about 33.8 dB compared to the steering vector beamformer.
The 3 dB width of the target's IRF, i.e., cross-range resolution, in both the steering vector beamformer and proposed beamformer is also improved compared to when no reconstruction is performed. From the undersampled data, the 3 dB width is 1.30 m. However when the steering vector beamformer is applied, this is improved to 0.32 m. When the proposed wide null beamformer is applied slight widening occurs resulting in a 3 dB width of 0.35 m compared to the steering vector beamformer. 
B. Case 2:
With Sea Clutter
In this case an imaging environment with added sea clutter and a low SNR of dB, is simulated with targets, whose parameters are given in Table III and are shown in Fig. 8 . Fig. 9 shows the focused image of undersampled raw data and the ambiguous returns of the eight targets are clearly visible. With reference to Fig. 10 , a slant range cut across targets 3 and 4 shows that the peak-to-ambiguity ratio is about 14.1 dB. By now performing reconstruction using the steering vector beamformer to give Fig. 11 , it can be seen that the surrounding background of the targets is darker than in Fig. 9 . Note that all images have been normalized and this darker background suggests a higher SNR. This can be seen in Fig. 12 , showing a slant range cut across targets 3 and 4, where the noise level is about 10 dB, compared to around 25 dB in Fig. 10 . Also from Fig. 12 , it can be seen that there is an over 10 dB improvement in the peak-to-ambiguity ratio compared to when no reconstruction is applied, as shown in Fig. 10 .
By now performing reconstruction using the proposed wide null beamformer, Fig. 13 is obtained. With reference to Fig. 14 it can also be seen that the peak-to-ambiguity ratio is improved from 24.4 dB when using the steering vector beamformer to 29.5 dB when using the proposed beamformer.
VI. CONCLUSION
In this paper, a novel superresolution beamformer capable of forming wide nulls using subspace based approaches for SIMO SAR systems forming a linear array along the cross-range direction has been proposed for the suppression of cross-range ambiguities in undersampled SAR data and reconstruction to form a single unambiguous set of SAR data. The use of the superresolution beamformer allows the wide swath, high resolution contradiction of SISO SAR to be overcome, allowing greater flexibility in meeting specific application requirements without being constrained by the swath width and cross-range resolution.
A SIMO SAR system has been designed and computer simulations for evaluation of the proposed beamformer has been shown to effectively allow the reconstruction of the sets of undersampled SAR data. Compared to the steering vector beamformer, the proposed wide null beamformer only requires a single weight vector to suppress one block of ambiguous Doppler frequencies, as opposed to a weight vector for each ambiguous Doppler frequency. Also the proposed beamformer has been shown to give a better peak-to-ambiguity ratio.
APPENDIX A THE STEERING VECTOR BEAMFORMER
The technique detailed in [7] allows the reconstruction of the complete Doppler bandwidth from aliased subsampled signals received by a SIMO SAR system. As mentioned in [3] , in the case of collocated beamformers, this technique is equivalent to null-steering using the steering vector beamformer, where a manifold vector for all Doppler frequencies in the range , described in (26) 
for , and the reconstructed data can be given as (46) with . . .
APPENDIX B THE EFFECT OF ON THE SELECTION OF AND From (32), the values that , and consequently , can take is limited by the number of receive beamformers in the SIMO Fig. 15 . Effect of the number of receive beamformers and value of on the level of suppression in dB.
SAR system. For suppression of a given ambiguous Doppler frequency range, , using a linear array of receive beamformers, it can be seen from Fig. 15 that with an increasing number of receive beamformers, the level of suppression of the ambiguous Doppler frequency range can be increased. Also the value of giving the greatest level of suppression increases with increasing and care must be taken in the selection of to ensure that the benefits of an increased number of receive beamformers is used for increased ambiguous Doppler frequency suppression.
By relating back to Section V, in particular Fig. 13 , the level of achieved suppression in the simulation is dB, which is comparable to the calculated level of suppression in Fig. 15 for , which is dB.
